Abstract. We develop a three-dimensional (3D) sparse algorithm for localization of breast tumors, using an antenna array and signal processing. Assuming that the priorknowledge of the breast tissue distribution is available, we develop a model in which the trans-polarization is fully taken into account. By considering various array configurations, we also investigate the robustness of the algorithm to the inaccuracies in the assumed electromagnetic parameters of the breast.
INTRODUCTION
In the recent years, there has been a growing interest in microwave medical imaging [1] , [2] . Compared to the conventional technologies, the main advantages of microwave imaging systems are their portability, low-cost, and non-ionizing radiation. The majority of clinical applications have focused on breast imaging, e.g., [2]  [5] , but lately the efforts have been extended to other modalities such as bone [6] and brain imaging [7]  [9] . Numerous techniques have been proposed for this purpose. Some examples are the time-domain beamforming [5] , the conjugate gradient approach [10]  [12] , Gauss-Newton optimization [4] , [13] , etc.
Lately, compressive sensing techniques [14] , [15] have been used for solving a number of microwave imaging problems [16]  [21] . Compressive sensing (sparse) imaging is known to yield clean and focused images with suppressed artifacts. Sparse imaging is particularly suitable for situations in which targets occupy only a small part of the observed domain. Typically, this is the case in differential microwave imaging, where the goal is to locate small changes between consecutive measurements, rather than retrieving the permittivity of the whole investigated domain. Examples of differential microwave imaging apparatuses are the wearable breast-cancer detection system [22] , [23] and the stroke-finder system [24] .
Here, we consider the application of the compressive sensing for the three-dimensional (3D) breast-cancer localization. We assume that dipole-like antennas are placed parallel to circles encompassing the breast surface 1 , which is analogous to the transverse electric (TE) polarization in the two dimensional (2D) geometry. This is in contrast to the usual approach in which the antennas are parallel to each other, as in the case of transverse magnetic polarization (TM). However, one must consider a full 3D model in which all field components are taken into account, unlike in the quasi-TM measurement configuration.
Assuming that variations of the tissue parameters (due to the possible tumor presence) between two measurements are small, it is possible to linearize the scattering equations. However, it is still necessary to compute 3D (dyadic) Green's functions, as well as the approximate field inside the breast. For this purpose, we assume to have a prior knowledge of the healthy breast tissue parameters. We also investigate the robustness of the algorithm against the errors in the tissue permittivity. By combining the obtained results in a particular way, we suppress false targets caused by the parameter ambiguity. The organization of the paper is as follows. In the Section II, we describe the electromagnetic model. In Section III, we develop the sparse algorithm. In Section IV, we detail the inhomogeneous breast phantom that was used in simulations. Finally, in Section V, we provide some numerical results.
MEASUREMENT MODEL
We consider the measurement scenario depicted in Fig. 1(a) . An unknown target or lesion (illustrated as an elliptic inclusion) is located inside the non-magnetic inhomogeneous breast tissue. To determine the location of the target, we use an antenna array placed around the breast in the vicinity of the skin. According to the coordinate system given in Fig. 1 , the antennas are parallel to the yz plane, i.e., parallel to the chest wall. For simplicity, we show only two antennas: a transmitter, located at r i , and a receiver, located at r j . We define the scattered field as
where E(r) and E b (r) are the electric field vectors, measured at the field point r, when the target is inside the breast and when there is no target (healthy breast), respectively. Using the volume equivalence principle [24] , the scattered field may be expressed as
where r' is the source position vector, b ( , ') G r r is the Dyadic background Green's function, J eq (r') is the equivalent current density vector, E(r') is the total field inside the breast,  b is the permittivity of the healthy breast,  is the permittivity of the target (   b ), and v is the breast volume. If the target is electrically small, (2) becomes
where t is the target position vector and V is its volume. Supposing that the target is a weak scatterer, we have
where b ( ) ( )  E t E t is the background electric field. We express the background field in terms of 3D Green's function as
where l is the source vector, I is the current of the transmitting antenna, and l a is the antenna length. Assuming that the antennas are electrically short dipoles (without top loadings), the current distribution is approximately triangular, i.e., I(l)
where I 0 is the current at the port of the dipole, h is the length of the dipole arm, and l is the local coordinate. Using this approximation, (5) becomes
where r i is the location of the transmitter and h i is the vector in the direction of the current, parallel to the dipole axis. Hence, the scattered field at the receiver is
where r j is the location of the jth receiver. Due to the reciprocity, i.e.,
In our case, both the transmitting and receiving antennas are parallel to the yz plane. Hence, the scattered field at the location of the jth antenna, when the ith antenna is transmitting, is 
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, and  i is the angle defined in Fig. 1(a) . In the expanded form, (9) 
Finally, the induced voltage at the jth antenna, due to the scattering from the target, is
where  j is the angle defined in Fig. 1(a) .
SPARSE MODEL
We search for the target on a uniform 3D grid inside the breast, as shown in Fig. 1(b) . Assuming that there is a target at each node, we derive an approximate linear model c G e 
where e i is the vector of the received signals when the ith antenna is transmitting, G i is the corresponding system matrix, and c is the unknown vector whose elements are proportional to the permittivity difference, as defined in (7), for each grid node. An element of the system matrix is 11 12 21 22 ( , ; ) ( ( , , ) cos ( , , )sin ) cos ( ( , , ) cos ( , , )sin )sin , 1 , 1
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where k t is the position of the kth grid node, N is the size of the grid, and M is the total number of receiving antennas (only ith antenna is transmitting). We combine the measurements related to different transmissions into one set of equations as
where the stacked measurement vector is
and the aggregated system matrix is
Under the assumption that the target occupies only a few grid nodes, we apply the 1 l regularization to emphasize the sparsity of the solution vector c , 2 21 min{||
Here, ĉ is the estimated coefficient vector and  is the regularization parameter. To solve (26), we use the CVX package [26] , [27] . We compute the regularization parameter, which balances between the data fidelity and the solution sparsity using the L-curve method [28] .
We also investigate a different sparse scheme in which the system matrix and the measurement vector are associated with a subset of M transmissions. Namely, we jointly process the data corresponding to a few transmitting antennas. As before, we assume that one transmitter is active at a time. In this case, the measurement vector and the system matrix are obtained from (24) and (25) by keeping e i and G i , i = 1,...,M, related to the desired transmitters. The final image is obtained by superimposing partial images (i.e., estimated coefficient vectors) associated with different groups of transmitters.
BREST PHANTOM
In our investigations, we used an inhomogeneous breast model (Breast ID: 012204) provided by the UWCEM Numerical Breast Phantom Repository [29] , [30] . This repository contains a number of anatomically-realistic breast phantoms derived from the magnetic resonance imaging (MRI). To make the model suitable for the electromagnetic analysis, we decreased its resolution by averaging the electromagnetic parameters of the groups of 10 10 10   voxels of the original distribution. The resolution of the resulting model was 5 mm and the operating frequency was f = 1GHz. In addition [31] , we divided the obtained continuous range of permittivity ( r ) and conductivity () into 8 domains with the constant parameters defined in Table 1 . The relative complex permittivity was defined as  =  r  j/( 0 ), where the imaginary part of the complex permittivity, /( 0 ), takes into account all dielectric losses (polarization and conductive), as in [32] . Besides the true values of the permittivities, Table 1 also shows these values altered for 10%.
Approximately, the domain #1 corresponds to the fatty region, the domains #2-4 belong to the transitional tissue, the domains #5-7 correspond to the fibro-glandular tissue, and the domain #8 is skin. We included the tumor by changing the parameters of one voxel. Its parameters are given in the 9th column of Table 1 . Fig. 2 shows the boundaries of the domains, in the order of appearance given in Table 1 . Table 1 5. NUMERICAL RESULTS
In our numerical simulations, we used an array of M = 60 horizontal (quasi-TE polarized) dipoles placed around the breast surface. As illustrated in Fig. 3(a) , the dipoles were uniformly distributed along three circular contours. The radii of the contours were 7.8 cm, 8 cm, and 8.3 cm. The corresponding distances of the centers of the contours from the nipple region, along the x-axes, were 5.8 cm, 8.3 cm, and 11.3 cm, respectively. The operating frequency was f = 1 GHz. The length of the dipoles was 2h = 2 cm.
To compute the response of the array and the 3D Green's functions, we used the software WIPL-D Pro [33] . We supposed that the induced signal in the jth antenna, when the ith antenna is transmitting, is proportional to the mutual impedance between those two antennas, i.e., V(r i ,r j )  z i j . By adding white Gaussian noise, we corrupted the measurement vector. In Fig. 3(b) , red lines denote the search space consisting of N x = 6 horizontal cuts. In each cut, the number of the grid nodes was N y  N z , N y = 32, N z = 32. The corresponding steps along the coordinate axes were  x  9 mm and  y   z  4.5 mm. The blue lines in Fig. 3(b) indicate the antenna positions. 
Ideal case
First, we considered the case in which we have a perfect knowledge of the breast tissue. We assumed that all M = 60 antennas were receiving and every fourth antenna was transmitting (one at a time). Fig. 4 shows the localization result in the cut #3, which was the closest to the target. We simultaneously processed all 6 cuts, as defined in Fig. 3(b) . The adopted signal-to-noise ratio was SNR = 10 dB. The true position of the scatterer was denoted by a red square marker. The elements of the solution vector in all other planes were zero. The regularization coefficient corresponded to the knee of the L-curve.
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Fig. 4 Ideal case: target image computed for SNR = 10 dB
Incomplete knowledge of dielectric properties
We investigated the robustness of the algorithm against the ambiguity in the breast tissue parameters. In Table 1 , we show the permittivity values altered with respect to their adopted values for about 10 %. The experimental setup was the same as in the ideal case. The adopted SNR was 10 dB.
Instead of considering all available data simultaneously, we jointly processed the measured signals associated with groups of adjacent transmitters. Again, we assumed that one transmitter was active at a time. In Fig. 5(a) , we give an example of such a group consisting of 4  2 transmitters. The receiving array comprised all antennas. Hence, the corresponding system matrix, as defined by (23) , consisted of Mn h n v  N elements, where n h refers to the number of the transmitters in the horizontal direction and n v refers to the number of the transmitters in the vertical direction. We shifted the position of the transmitting array for about kn h / 2 elements in the horizontal direction and ln v / 2 elements in the vertical direction, where k,l = 0, 1... . Fig. 7 show the imaging result for n h = 4 and n v = 2; and for n h = 5 and n v = 2, respectively. In both cases, the location of the tumor was correct in the yz plane (horizontal). In the direction of x-axis, there was an error of about 1 cm. The results in other cuts are several orders of magnitudes smaller and they are caused by tissue ambiguity (i.e., false targets).
Numerical investigations showed that the positions of these artifacts varied for different values of n h . In contrast, the location of the tumor did not change. This dissimilar behavior may be explained by a point-target nature of the tumor as opposed to the distributed nature of the tissue errors.
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Cut #4 Cut #5 Cut #6 We have proposed a 3D sparsity-based algorithm for differential microwave imaging of tumors inside a known inhomogeneous breast tissue. In contrast to the usual approach available in the literature, we have developed a model in which the trans-polarization due to the inhomogeneous breast tissue was fully taken into account. To check the robustness of the algorithm, we have considered the cases in which the breast tissue was only partially known. To reveal the true position of the tumor and suppress false targets, we applied the sparse processing scheme on different subarrays.
